The lowest 3 tune-out wavelengths of the four alkaline-earth atoms, Be, Mg, Ca and Sr are determined from tabulations of matrix elements produced from large first principles calculations. The tune-out wavelengths are located near the wavelengths for 3 P o 1 and 1 P o 1 excitations. The measurement of the tune-out wavelengths could be used to establish a quantitative relationship between the oscillator strength of the transition leading to existence of the tune-out wavelength and the dynamic polarizability of the atom at the tune-out frequency. The longest tune-out wavelengths for Be, Mg, Ca, Sr, Ba and Yb are 454.9813 nm, 457.2372 nm, 657.446 nm, 689.200 nm, 788.875 nm and 553.00 nm respectively.
I. INTRODUCTION
The dynamic polarizability of an atom gives a measure of the energy shift of the atom when it is exposed to an electromagnetic field [1, 2] . For an atom in any given state, one can write
where α d (ω) is the dipole polarizability of the quantum state at frequency ω, and F is a measure of the strength of the AC electromagnetic field. The limiting value of the dynamic polarizability in the ω → 0 limit is the static dipole polarizability.
The dynamic polarizability will go to zero for certain frequencies of the applied electromagnetic field. The wavelengths at which the polarizability goes to zero are called the tune-out wavelengths [3] [4] [5] [6] [7] . Atoms trapped in an optical lattice can be released by changing the wavelength of the trapping laser to that of the tune-out wavelength for that atom. Very recently, tune-out wavelengths have been measured for the rubidium [5] and the potassium atoms [6] . The advantage of a tune-out wavelength measurement is that it is effectively a null experiment, it measures the frequency at which the polarizability is equal to zero. Therefore it does not rely on a precise determination of the strength of an electric field or the intensity of a laser field. Accordingly, it should be possible to measure tune-out wavelengths to high precision and proposals to measure the tune-out wavelengths of some atoms with one or two valence electrons have been advanced [8] .
The present manuscript describes calculations of the three longest tune-out wavelengths for Be, Mg, Ca and Sr. The tune-out wavelengths for the alkaline-earth atoms arise as a result of the interference between the dynamic polarizability coming from a weak transition and a large background polarizability. The tune-out wavelengths typically occur close to the excitation energy of the weak transitions. The atomic parameters that determine the values of the longest tune-out wavelengths are identified. The calculations utilize tables of matrix elements from earlier calculations of polarizabilities and dispersion coefficients [9] [10] [11] [12] [13] . These were computed using a non-relativistic semi-empirical fixed core approach that has been applied to the description of many one and two electron atoms [14] [15] [16] [17] . In addition, the longest tune-out wavelengths for Ba and Yb are determined by making recourse to previously determined polarizabilities and oscillator strengths.
II. FORMULATION
The transition arrays for the alkaline earth atoms are essentially those used in previous calculations of the polarizabilities and dispersion coefficients for these atoms [9] [10] [11] [12] [13] . These were computed with a frozen core configuration interaction (CI) method. The Hamiltonian for the two active electrons is written
The direct, V dir , and exchange, V exc , interactions of the valence electrons with the Hartree-Fock (HF) core were calculated exactly. The ℓ-dependent polarization potential, V p1 , was semi-empirical in nature with the functional form
The coefficient, α core , is the static dipole polarizability of the core and g 2 ℓ (r) = 1 − exp -r 6 /ρ 6 ℓ is a cutoff function designed to make the polarization potential finite at the origin. The cutoff parameters, ρ ℓ , were initially tuned to reproduce the binding energies of the corresponding alkaline-earth positive ion, e.g. Mg + . Some small adjustments to the ρ ℓ were made in the calculations of alkaline-earth atoms to further improve agreement with the experimental spectrum.
A two body polarization term, V p2 was also part of the Hamiltonian [14, 15, 18, 19] . The polarization of the core by one electron is influenced by the presence of the second valence electron. Omission of the two-body term would typically result in a ns 2 state that would be too tightly bound. The two body polarization potential is adopted in the present calculation with the form
where g p2 had the same functional form as g ℓ (r). The cutoff parameter for g p2 (r) is usually chosen by averaging the different one-electron cutoff parameters.
The use of a fixed core model reduced the calculation of the alkaline-earths and their excited spectra to a two electron calculation. The two electron wavefunctions were expanded in a large basis of two electron configurations formed from a single electron basis mostly consisting of Laguerre Type Orbitals. Typically the total number of one electron states would range from 150 to 200. The use of such large basis sets means that the error due to incompleteness of the basis is typically very small. Details of the calculations used to represent Be, Mg, Ca and Sr have been previously described [9] [10] [11] [12] [13] . We refer to these semi-empirical models of atomic structure as the configuration interaction plus core polarization (CICP) model in the subsequent text.
For Be, the matrix element list is exactly the same as the matrix element list used in Ref. [9] . However, the energies of the low-lying 2s2p 1,3 P o states were set to the experimental binding energies. In the case of the triplet state, the energy chosen was that of the J = 1 spinorbit state. Using experimental energies is important for tune-out wavelength calculations since the tune-out wavelength depends sensitively on the precise values of the excitation energies of nearby excited states. In the case of Mg and Ca, the reference matrix elements were those used in dispersion coefficient calculations [10] [11] [12] . The energies of the low lying Mg and Ca excited states were also set to experimental values for calculations of the tune-out wavelengths.
The matrix element set for Sr incorporated experimental information. An experimental value was used for the 5s 2 1 S e -5s5p 1 P o matrix element [20] and the energy differences for the low-lying excitations were set to the experimental energies. This matrix element set was used to calculate dispersion coefficients between two strontium atoms, and also between strontium and the rare gases [13] . Tables II and III give the line strengths for a number of the low-lying transitions of the alkaline-earth metals comparing with available experimental and theoretical information. The line strength can be calculated as
The CICP values were computed with a modified transition operator [14, 19, 22] , e.g.
The cutoff parameter used in Eq. (6) was taken as an average of the s, p, d and f cutoff parameters. The specific values are detailed elsewhere [9] [10] [11] [12] [13] . There appears to be no experimental or theoretical data available for the strontium 5s
transition [35] . The line strength adopted for this transition was determined by estimating the mixing between the 5s6p 1 P o 1 and 5s6p
states caused by the spin-orbit interaction. The transition rates for the 5s6p
have been measured [35, 36] . The ratio of these transition rates can be used to make an estimate of the singlet:triplet mixing between the two 5s6p states with J = 1. Using the singlet:triplet mixing ratio, and the CICP line strength for the 5s 
III. POLARIZABILITIES A. Static polarizabilities
The polarizabilities for the ground states of Be, Mg, Ca, and Sr are listed in Table IV . All polarizabilities are computed using experimental energy differences for the lowest energy excited states. The present polarizabilities are in good agreement with the previous high quality calculations.
These polarizabilities contain contributions from the core electrons. The electric dipole response of the core is described by a pseudo-oscillator strength distribution [15, 64, 65] . Oscillator strength distributions have been constructed by using independent estimates of the core polarizabilities to constrain the sum rules [15, [66] [67] [68] . These take the form
where f i is the pseudo-oscillator strength for a given core orbital and ǫ i is the excitation energy for that orbital. The sum of the pseudo-oscillator strengths is equal to the number of electrons in the atom. The pseudo-oscillator strength distribution is tabulated in Table V. The relative uncertainties in the polarizabilities are assessed at 0.1% for Be, 0.5% for Mg, 1.5% for Ca and 1% for Sr. 
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The tune-out wavelengths first require calculations of the dynamic polarizabilities. Some non-relativistic forbidden transition to the nsnp 3 P o 1 states are included in the present calculation. The line strengths of these transitions are collected from MCHF calculations [24, 28, 34, 38] and the all-order MBPT calculations [48] . These line strengths are listed in Tables VI and VII. The dynamic polarizabilities are dominated by the ns 2 near the tune-out wavelengths and is typical of all the alkaline-earth atoms. The tune-out wave lengths all occur close to the excitation energies for transitions to
states. The first tune-out wavelength is associated with the ns 2 1 S e → nsnp 3 P o 1 inter-combination transition. The dynamic polarizability for this transition becomes large and negative just after the photon energy becomes large enough to excite the nsnp 3 P o 1 state. This large negative polarizability will cancel with the positive polarizability from the remaining states at the tune-out wavelength. The dynamic polarizability also has a sign change when the photon energy exceeds the excitation energy for the nsnp 1 P o 1 state. This change in the polarizability is not associated with a tune-out wavelength. At energies larger than the ns 2 1 S e → nsnp 1 P o 1 resonant transition energy the polarizability is negative. Additional tune-out wavelengths occur just prior to the excitation energies of the higher ns 2 1 S e → 1,3 P o 1 transitions. As can be seen from Figure 1 and 2, the tune-out wavelengths for the alkaline-earth atoms arise as a result of the interference between the dynamic polarizability arising from a weak transition and a large background polarizability. In the vicinity of the tune-out wavelength the variation of background polarizability with energy will be much slower than the variation of the tune-out transition. The polarizability near the tune-out wavelength can be modelled as
where α 0 is the background polarizability arising from all transitions except the transition near the tune-out wavelength. The background polarizability is evaluated at the tune-out wavelength, ω to . Setting α = 0 gives
When f /α 0 << ∆E is obeyed, and this will generally be the case for the transitions discussed here, one can write
Equation (10) can be used to make estimate of the tuneout wavelength. When the background polarizability is negative, the tune-out frequency is lower than the excitation energy of the transition triggering the tune-out condition. The quotient, f /(2α 0 ∆E 2 ) a provides an estimate of the relative difference between the transition frequency and tune-out frequency in the vicinity of a transition. Equation (10) can also be used for an uncertainty analysis. Setting X shift = f /(2α 0 ∆E 2 ), one has
The contribution to the uncertainty in X shift due to the uncertainty in the transition energy does not have to be considered at the present level of accuracy. Neglecting the frequency dependence of α 0 , the variation in α with respect to variations in ω 2 is
Writing
At ω = ω to , δ(ω 2 ) = 0, and one has
or The variation of the polarizability with ω is inversely proportional to the oscillator strength of the tune-out transition. Let us suppose that the condition for determination of the tune-out wavelength is that the polarizability be set to zero with an uncertainty of ±0.1 a.u. This means the photon energy should be determined with a frequency uncertainty of
For Be and Mg, ∆ω would be 7.6 × 10 −13 a.u. and 8.8 × 10 −11 a.u. respectively. These energy widths are very narrow and difficult to achieve with existing technology. The energy windows for calcium and strontium would be ∆ω = 5.2 × 10 −10 a.u. and ∆ω = 6.9 × 10 −9 a.u. respectively.
C. Tune-out wavelengths for Be, Mg, Ca and Sr
Tables VI and VII list the three longest tune-out wavelengths for beryllium, magnesium, calcium and strontium. These are determined by explicit calculation of the dynamic polarizability at a series of ω values. The contributions of the various terms making up the dynamic polarizability at the tune-out wavelengths are given. The longest tune-out wavelength for all the atoms is dominated by two transitions, namely the resonance transition and the longest wavelength inter-combination transition. The size of the polarizability contributions from all other transitions relative to that coming from the resonant transitions are 2.5%, 3.7%, 3.6% and 3.7% for Be, Mg, Ca and Sr respectively at the longest tune-out wavelength. This dominant influence of resonant transitions means that a measurement of these tune-out wavelengths will result in a quantitative relationship between the dynamic polarizability and the oscillator strength for the lowest energy inter-combination transition. For example, tune-out wavelengths would make it possible to determine the inter-combination oscillator strength given a value for the polarizability and/or the oscillator strength for the resonance transition.
The differences between the tune-out energy and the nearest excitation energy can be estimated from Eq. (9) . Values of X shift for the lowest energy tune-out frequencies for Be → Sr are X shift = 3.9 × 10 −9 , 1.0 × 10 −6 , 2.0 × 10 −5 and 3.6 × 10 −4 respectively. These ratios give an initial estimate of the relative precision needed in the wavelength to resolve the tune-out condition. Measurement of the longest tune-out wavelength for beryllium requires a laser with a very precise wavelength. The level of precision required actually exceeds the precision with which the Be 2s
energy is given in the NIST tabulation [21] . On the other hand, measurement of the Sr tune-out wavelength is much more feasible.
Equation (11) which is used to estimate the uncertainties in X shift , can also be used to determine the uncertainties in the tune-out wavelengths. Uncertainties in the tune-out wavelengths are given in Tables VI, VII and  VIII.  Tables VI and VII transition. These tune-out wavelengths are in the ultraviolet part of the spectrum and would be more difficult to detect in an experiment.
D. Heavier systems, Ba and Yb
There are two other atoms, namely, Ba and Yb with similar structures to those discussed earlier. The present calculational methodology cannot be applied to the determination of the tune-out wavelengths for these atoms due to relativistic effects. However, Eq. (9) can be used to make an initial estimate of their longest tune-out wavelengths.
The background polarizability, α 0 is dominated by the ns 2 1 S e 0 → nsnp 1 P o 1 resonant transition which contributes more than 96%. The contribution to α 0 from all other transitions, defined as α rest , is much smaller and changes slowly when the frequency changes in the vicinity of the tune-out frequency. Assuming α rest has the same value at ω = 0 and ω to , the value of α rest can be calculated as
where α d is the static polarizability of the ground states, f resonant and ∆E resonant and f and ∆E are the oscillator strengths and transition energies of the resonant transition and the transition near the tune-out wavelength respectively. Then the background polarizability α 0 can be represented as
With this background polarizability, one can approximately predict the tune-out wavelength using Eq. (9). The differences between the predicted longest tune-out wavelengths in this way and the values obtained using the exact background polarizability are only 2 × 10 −9 nm, 3 × 10 −6 nm, 3 × 10 −5 nm, and 2 × 10 −3 nm for Be → Sr which are much smaller than the uncertainties of the tune-out wavelengths.
All the information adopted in the calculations for barium and ytterbium are listed in Table VIII . The predicted longest tune-out wavelength for barium was λ to = 788.875 nm. The energy window was ∆ω = 3.6 × 10 −8 a.u. and X shift was 0.00314. The uncertainty of the longest tune-out wavelengths for barium was δλ to = 0.295 nm. The larger uncertainty in this tune-out wavelength was caused by the larger value of X shift .
Additional complications are present for ytterbium. The values for Model 1 reported in Table VIII [69] . This mixing is caused by the small difference in the binding energies for the two states. This is the reason for the large difference between the CI+MBPT and experimental values for the resonant line strength in Table III . It has been argued that in cases such as this that one should use theoretical energy differences in polarizability calculations [55, 69] . So for our initial calculation of the tune-out frequency we use the CI+MBPT excitation energy for the resonant transition and the experimental excitation energy for the 6s6p 3 P o 1 . This model, which is detailed in Table VII predicts the longest tune-out wavelengths to be λ to = 553.00 nm. The energy window, ∆ω = 1.6 × 10 −7 a.u. while X shift = 0.00509.
Another model has been made that explicitly includes the 4f −1 6s 2 5d 1 P 0 1 state in the polarizability calculation. In this model the line-strength and excitation energy for the resonant excitation energy are set to experimental values. The line strength, 17.25 (7), was taken as the average of the two photoassociation line strengths [56, 57] and its uncertainty was dervied from the difference of the two values and the quoted uncertainty of Ref. [57] . The excitation energy for the 4f −1 6s 2 5d 1 P VIII: Tune-out frequencies, ωto, and wavelengths, λto, for the longest tune-out wavelengths of barium and ytterbium. The uncertainty in the tune-out wavelength is given by δλto. The oscillator strengths and dipole polarizabilities adopted in the calculation are collected from [53, 62] for barium and [55] for ytterbium. The contribution to the polarizability at the tune-out frequency due to the resonance transition is given. The transition energies for barium and Model 2 for ytterbium are taken from the NIST tabulation [21] . Model 2 for ytterbium has two low-lying strong transitions and data for both are given. The dynamic polarizability of −428.162 a.u. for Model 2 for Yb was computed with only the 6s 2 oscillator strength to 1.5%. The uncertainty in the polarizability due to other transitions at the tune-out frequency was initially set to 0.018 [55] . To this was added an additional uncertainty of 0.024 = 6/250, the difference between the Model 1 and 2 predictions of the polarizability at the tune-out frequency. The final uncertainty in the tune-out wavelength of the longest transition was 0.550 nm.
There is little experimental information to assist in the assessment of the uncertainty of the tune-out wavelength near 358.78 nm. The tune-out wavelength lies between the 6s 2 
IV. CONCLUSION
The three longest tune-out wavelengths for the alkaline-earth atoms from Be to Sr have been estimated from large scale configuration interaction calculations. The longest tune-out wavelengths for Ba and Yb have been estimated by using existing estimates of the polarizability and oscillator strengths. The longest tune-out wavelengths all occur at energies just above the nsnp 3 P o 1 excitation threshold and arise due to negative polarizability from the ns tion of a zero in the dynamic polarizability is larger, but once again the transition lies in the ultraviolet region.
